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 TAPAN MITRA
 State University of New York, Stony Brook

 1. INTRODUCTION

 An important problem in the theory of efficient allocation of resources over time, in an
 infinite horizon model, is to examine whether an efficient programme maximizes the
 present value of its consumption sequence, in the set of all feasible consumption
 sequences. A natural method of determining the present value of an efficient programme
 is to evaluate the consumption sequence at the competitive (intertemporal profit maxi-
 mizing) prices, associated with it. The difficulty is that competitive prices associated with
 an efficient programme need not define a finite present value of consumption.

 One way out of this "infinite-horizon problem" is to restrict the maximization to a
 certain subset of all feasible programmes, and this is the idea pursued by Malinvaud
 (1953). He associates with each (non-tight) efficient programme, a sequence of competi-
 tive prices at which the value of the consumption sequence of the efficient programme,
 truncated at any finite horizon T, is maximal among all feasible consumption sequences,
 truncated at the same T, and having identical consumption sequences as the efficient
 programme beyond T.

 A more satisfactory route is to relax the concept of "maximization" itself, and this is
 the approach of Peleg and Yaari (1970), and of Cass and Yaari (1971). They associate with
 an efficient programme a sequence of competitive prices, at which it is "weakly value-
 maximal" among all feasible programmes. This means that an efficient programme cannot
 be overtaken, in terms of the value of consumption, by a finite (positive) amount, by any
 feasible programme.

 The present investigation can be viewed as an extension of the second approach. It
 should be noted that the contribution of Cass and Yaari (1971) was confined to a one-good
 model. The analysis of Peleg and Yaari (1970) proceeds by making assumptions on the
 infinite-dimensional space of consumption sequences. Thus, even though in principle
 their analysis is applicable to multisector models, their assumptions are rather difficult to
 verify in such models (see particularly (Y.5) and (Y.6) on pages 72 and 78 of their paper).
 The first purpose of this paper is to establish a generalized version of the Cass-Yaari
 theorem in the multisector neoclassical model of Dorfman-Samuelson-Solow (1958).

 The model has been specified in detail in Mitra (1976). The reader is asked to refer to
 that paper for the assumptions used (which amount to the assumption of a smooth
 neoclassical technology, with a differentiable frontier in the interior of R 2m 1) definitions
 of concepts, and statements and proofs of results. For ease of exposition we recall just a
 few facts from Mitra (1976). Associated with any interior programme (x, y, i) is a current
 price sequence (4J), and a discounted price sequence (Ft. These price sequences are
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 defined "technologically" by the marginal rates of transformation between the m-th
 output and the remaining m -1 outputs, and between the m inputs and the m-th output.
 By our assumptions on the technology, these prices are strictly positive for all ti_ 0.
 Furthermore, if (Jx, y, J) is competitive then (Xt, Yt+1) maximizes intertemporal profit at the

 price sequence (Pt) at each date; that is,

 Pt+iYt+1-PtXtP'Pt+1Y -Ptx for t'0 (1)

 for every input-output pair (x, y) in the technology set. Thus (Pt) can also be called a
 sequence of competitive or intertemporal profit maximising prices.

 Some additional concepts used in this paper are defined below. An interior pro-
 gramme (x, y, cT) is weakly value maximal if

 lim infTo o=o 1 ft (c= - )-O (2)

 for every feasible programme (x, y, c). It is weakly value optimal if

 lim SUP TOOEt= t(ct-ct)- (3)

 for every feasible programme (x, y, c). It is regular interior if

 inf,z,, jj>0 fori=1, ..........,m. (4)

 It has a bounded discounted price sequence if

 SUP t::: ,Pt<oo for i =1, .. .,m. (5)

 The generalized version of the Cass-Yaari result is given by

 Theorem 1. Under (A.1)-(A.4), an interior program (x, y, J) is efficient if and only if
 it is weakly value maximal.

 The proof (see Section 2) is quite different from that used by Cass and Yaari (1971). In
 fact, it is difficult to see how their method of proof can be generalized, as the problem of
 feasibility is much more intricate in the multisectoral case. We use the methods employed
 in Mitra (1976) to establish a complete characterization of efficiency in such a model. This
 has the advantage of revealing the close formal relationship between the problem of
 obtaining a complete characterization of efficiency, and the problem of proving a weak
 value maximality property of efficient programmes.

 It is worth mentioning that Theorem 1 is restrictive in two respects. First, we restrict
 ourselves to the case of a stationary technology. This is because, in our proof, we need to
 use the fact that the inputs are all uniformly bounded above. This is not ensured when
 there is sufficient technical progress. Second, we restrict the characterization only to
 interior programs. This is to avoid cases where the derivatives of the production locus
 become unbounded at zero. These are essential aspects of the method of proof that is
 followed. Whether one can devise an alternative method that can relax these two
 restrictions remains an open question.

 It is known that an efficient programme need not be weakly value optimal. That is, it
 need not "catch up" in terms of the value of its consumption to every feasible programme.
 This was shown by an example in Cass-Yaari ((1971), p. 335). It would be interesting to
 separate the class of efficient programmes which are weakly value optimal from those
 which are not.

 In order to look for the proper criterion, an appropriate starting point is the
 Cass-Yaari example. This involved the phenomenon that the competitive prices asso-
 ciated with the constructed efficient programme became unbounded over time. A uniform
 bound on the competitive prices, therefore, seems to be a promising candidate for the
 criterion we are trying to find. In fact, in a one-good model it is demonstrated by Peleg
 (1972) that an efficient programme is weakly value optimal if and only if it has bounded
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 competitive prices. Thus, the second purpose of this paper is to obtain a generalized
 version of Peleg's result.

 It is simple to show, in view of the related results in optimal growth theory (see
 McKenzie (1974)), that if an efficient programme has bounded competitive prices, then it
 is weakly value optimal. It turns out that the converse is also true if we restrict our
 attention to regular interior efficient programmes. So, Peleg's result generalizes to

 Theorem 2. Under (A.1)-(A.4), a regular interior efficient program (x, y, c) is weakly
 value optimal if and only if it has a bounded discounted price sequence.

 (For a proof of Theorem 2, see Section 2).

 2. PROOFS

 Before coming to the proofs, we introduce some notation, and some facts from Mitra
 (1976) which will ease the writing. In the following facts (i) and (ii) can be found in Mitra
 ((1976), pp. 424-425), those in (iii) and (iv) in Mitra ((1976), pp. 426-427).

 (i) Denote the sum vector (1,. . ., 1) in Rm by u. For an interior competitive

 programme (x, y, c) [with X-t 2 ku for t ', k > 0], we denote f1" by rt, frm by R, for t ?.
 We know that r-' = 7rm = Rt for i = 1,. . . , m - 1 and t-0 O, and so Ft = (/tlRt) for t' 0. For
 any feasible programme (x, y, c), xt Ku, yt+i Ku for t-' 0, where K is given by (A.4).
 By (A.1)-(A.3), there are positive real numbers a 1, a < oo, such that for 1ku _x _ Ku,
 2ku<y?Ku, a (-fyi)? a for i=1,. ..,m-1, and a'f,i-<a for i=1,...,m. In
 particular, this means that a _ rt a, au < qt- u for t 0 O. We denote mdK by A.

 (ii) For (x, y) in the technology set, we denote (Flt?? -Fl-) - (Pt?iy -ptx) by
 wt(x, y). By (1), wt(x, y)-' 0 for t 0 O. If (x, y, c) is a feasible programme, we denote
 it(Jt -xt) by Ot, and Pt(Jt -xt) by bt. Then, for t ' 1, ft(ct - it) = ft(Yt - Yt) -Pt(Xt -x-t)=
 Pt(.?t-xt)-Pt-i (.?t-i-xt-i)-wt-i (Xt-, y). Thus,

 Ft(ct - Jt) = bt - bt-1 - wt-i(xt-i, yt). (6)

 Using (6) and bo = 0, we have for T ' 1,

 E?t =, Pt(ct -it) = bT- t =1 Wt_ 1(xt_ 1, Yt )* (7)

 (iii) There is a positive real number A, such that if (x, y, c) is a feasible programme,
 with xt_2 1ku for t-0, then w-(xt, y?1)',O#/Rt+l for t-'0.

 (iv) If (x', y', c') is a feasible programme, then by taking a (1, 1) convex combination
 of the programmes (x', y', c') and (x, y, J), we have a feasible programme (x, y, c)
 withXt >-2X_> 1ku for t-0 O, and

 Et=1 Fit(ct -t)-' 2 t= ft (c'-it) for T-' 1. (8)

 Proof of Theorem 1. (Sufficiency) Suppose an interior programme (x~, y, j) is weakly
 value maximal, but inefficient. Then there is a feasible program (x, y, c) such that ct ' -it for
 t ' 1, and ct > it for some t. Since Pt >> 0 for t-' ?, (2) is violated. This contradiction proves
 sufficiency.

 (Necessity) Suppose an interior programme (x, y, J) is efficient, (hence competitive),
 but not weakly value maximal. By (2) and (iv), there is a feasible programme (x, y, c), a
 real number z > 0, and T *?' 1, such that xt_>-1ku for t-0 O, and

 Zt=1 pt(ct- jt)?> z for T? VT*. (9)
 By (7) and (9), bT Z for T?-'T*; so OT>O, and OT?-jTXiTT_(au)(Ku)=maK=

 A, for T ' T*. By (7), (9) and (iii),

 bT Z +Et=1 Wt-1 (Xt1 Yt) z +t-T* (,tO/Rt+1) (1 0)
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 for T ? T* + 1. Denoting the extreme right-hand expression in (10) by dT, we note that

 for T T* + 1, 0 < dT- -bT, and dT+1 = dT + (6lO2T/RT+1) = dT + (AR2Tb2T/RT+1). So, for
 T?--T* +l,

 dT+l ->dT + (AR 2 d2TIRT+1) (1

 Denoting min (1, ,u) by /1, and RT+1 dT+?11 by eT+1 for T ' T*, and using (11), we have a
 sequence (et) satisfying (I) 0 < et _ A and (II) et+1 ' ej(r, + et) for t - T* + 1. Then, follow-
 ing the method of Cass [1972, p. 219], it follows that the terms of trade of the m-th good
 must deteriorate too fast. Hence, by Mitra ((1976) Theorem 3.1), (x, y, c) is inefficient,
 a contradiction. This establishes necessity. ||

 Proof of Theorem 2. (Sufficiency) Suppose (x, y, J) is an interior efficient (hence
 competitive) programme for which (5) holds, but which is not weakly value optimal. By
 (5), there is 0< V < oo, such that P, ' Vu for t ?0. By (3) and (iv), there is a feasible
 programme (x, y, c), a real number z > 0, and a subsequence of periods, TS, such that

 t=1jp,(c-jct)>'z forT=TS (12)

 and xt ' >ku for t ' 0. By (7) and (12), bT ' z for T = TS. So, AT= RTbT?> (z/ V), and
 (9T/RT+1) = (RTbT/RT+1) = (bT/rT) > (z/ad), for T = TS. By (7), (8) and (iii), we obtain

 bTi-Z t=1 Wt-i(t- Yt- t=1 (Ut Rt+,) (13)

 Ot/Rt+1'(z2/ Va) for t = TS, and Ot ?0, for t ? Ts, so

 bT?z+(s- 1)A(z2/Vd) forT=T,. (14)

 Now, bT = (OTIRT) C VOT C ViTXT C VA for T ' 0. Using this in (14), we have a
 contradiction for large s, proving sufficiency.

 (Necessity) Suppose a regular interior programme (x, y, c) is efficient and weakly

 value optimal, but violates (5). Now, since fit = qtJRt for t ? 0, so Ptu _ [(au)u/Rt], using
 (i). So, there is a subsequence tS, such that Rt, - 0 as s -) oo.

 Following the procedure in Mitra ((1976) p. 428) we can find a scalar 0> 0, and an
 output itm+9 - >2k, such that f(*Yt+i; *X X -0) = 9it. Let d = mini [ inf t-,1 jC] and 0 =
 min [(d/2d), 0]. Then, there is y m 1, such that ym1=i f(*yt+i; *xt,x .m -0), and ytm+i -

 (Ylt+-d ) _-: (x- tm+ 1 + 2 d) .

 Rename the sequence t, as T. Then, find a subsequence T, such that (6/RTn+1) >-
 (2d/RT,,+l), and Tn+ 1 Tn + 2. This is possible as RT -) 0 as T-+ oo. Now construct a
 programme (x',y',c') in the following way: x =Xt for t5?Tn; x =Xt-0 for t=Tn;

 Yt+1 = Yt+j for t ? Tn; yt+ y= (*Yt+1,Y ) for t = Tn; ct = Ct for t Tn, Tn + 1; ct
 (*it, nm+0) for t=Tn; c=(*it,ym-Xfm) for t=Tn+1. It can be checked that, by
 construction, such a programme is feasible. By choice of the subsequence Tn, we also have

 OIP T, = ? t = 1 Pt (c It -ct) .( 15 )
 It follows from (15) that (x, ), c) is not weakly value optimal. This contradiction
 establishes necessity. 11

 First version received March 1977, final version accepted October 1980 (Eds.).

 *Thanks are due to Profs. Lionel McKenzie and James Friedman for helpful comments on an earlier version.
 The present version has gained from the suggestions of a referee and the editor.

 REFERENCES

 CASS, D. (1972), "On Capital Overaccumulation in the Aggregative Neoclassical Model of Economic Growth:
 A Complete Characterisation", Journal of Economic Theory, 4, 200-223.

This content downloaded from 216.165.95.159 on Thu, 29 Aug 2019 17:36:07 UTC
All use subject to https://about.jstor.org/terms



 MITRA WEAK VALUE OPTIMALITY 647

 CASS, D. and YAARI, M. (1971), "Present Values Playing the Role of Efficiency Prices in the One-Good
 Growth Model", Review of Economic Studies, 38, 331-339.

 DORFMAN, R., SAMUELSON, P. A. and SOLOW, R. (1958) Linear programming and Economic Analysis
 (New York, McGraw-Hill).

 MCKENZIE, L. W. (1974), "Turnpike Theorems with Technology and Welfare Function Variable", in Los, J.
 and Los, M. W. (eds.) Mathematical Models in Economics (New York: American Elsevier, 271-287).

 MALINVAUD, E. (1953), "Capital Accumulation and Efficient Allocation of Resources", Econometrica, 21
 233-268.

 MITRA, T. (1976), "On Efficient Capital Accumulation in a Multi-Sector Neoclassical Model", Review of
 Economic Studies, 43, 423-429.

 PELEG, B. (1972), "Efficiency Prices for Optimal Consumption Plans IV", Siam Journal of Control, 10,
 414-433.

 PELEG, B, and YAARI, M. (1970), "Efficiency Prices in an Infinite Dimensional Space", Journal of Economic
 Theory, 2, 41-85.

This content downloaded from 216.165.95.159 on Thu, 29 Aug 2019 17:36:07 UTC
All use subject to https://about.jstor.org/terms


	Contents
	image 1
	image 2
	image 3
	image 4
	image 5

	Issue Table of Contents
	The Review of Economic Studies, Vol. 48, No. 4, Oct., 1981
	Volume Information [pp.677-681]
	Front Matter
	An Introduction to the Theory of Rational Expectations Under Asymmetric Information [pp.541-559]
	An Empirical Method of Approximating the Separable Structure of Consumer Preferences [pp.561-577]
	On the Problem of Missing Data in Linear Models [pp.579-586]
	Strategy-Proof Allocation Mechanisms at Differentiable Points [pp.587-597]
	Rawls' Maximin Criterion and Time Consistency: A Generalization [pp.599-605]
	Expected Interruptions in Labour Force Participation and Sex-Related Differences in Earnings Growth [pp.607-619]
	Earnings by Size: A Tale of Two Distributions [pp.621-631]
	On the Existence of an Optimal Income Tax Schedule [pp.633-642]
	Efficiency, Weak Value Maximality and Weak Value Optimality in a Multisector Model [pp.643-647]
	A Nonlinear Dynamic Model of Short Run Fluctuations [pp.649-656]
	Notes and Comments
	Consumer Search and Market Equilibria: A Note [pp.657-658]
	Expectations and the Dynamics of Devaluation: A Comment [pp.659-660]
	Stability of Zero Production Under Life-Cycle Savings [pp.661-665]
	On the Complete Solution of the Linear Cournot Oligopoly Model [pp.667-670]
	A Note on Weak Separability [pp.671-672]
	On the Ricardian Theory of Value: A Note [pp.673-675]

	Back Matter



