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Efficiency, Weak Value
Maximality and Weak
Value Optimality
in a Multisector Model

TAPAN MITRA
State University of New York, Stony Brook

1. INTRODUCTION

An important problem in the theory of efficient allocation of resources over time, in an
infinite horizon model, is to examine whether an efficient programme maximizes the
present value of its consumption sequence, in the set of all feasible consumption
sequences. A natural method of determining the present value of an efficient programme
is to evaluate the consumption sequence at the competitive (intertemporal profit maxi-
mizing) prices, associated with it. The difficulty is that competitive prices associated with
an efficient programme need not define a finite present value of consumption.

One way out of this “infinite-horizon problem” is to restrict the maximization to a
certain subset of all feasible programmes, and this is the idea pursued by Malinvaud
(1953). He associates with each (non-tight) efficient programme, a sequence of competi-
tive prices at which the value of the consumption sequence of the efficient programme,
truncated at any finite horizon 7, is maximal among all feasible consumption sequences,
truncated at the same T, and having identical consumption sequences as the efficient
programme beyond T.

A more satisfactory route is to relax the concept of “maximization” itself, and this is
the approach of Peleg and Yaari (1970), and of Cass and Yaari (1971). They associate with
an efficient programme a sequence of competitive prices, at which it is “weakly value-
maximal’ among all feasible programmes. This means that an efficient programme cannot
be overtaken, in terms of the value of consumption, by a finite (positive) amount, by any
feasible programme.

The present investigation can be viewed as an extension of the second approach. It
should be noted that the contribution of Cass and Yaari (1971) was confined to a one-good
model. The analysis of Peleg and Yaari (1970) proceeds by making assumptions on the
infinite-dimensional space of consumption sequences. Thus, even though in principle
their analysis is applicable to multisector models, their assumptions are rather difficult to
verify in such models (see particularly (Y.5) and (Y.6) on pages 72 and 78 of their paper).
The first purpose of this paper is to establish a generalized version of the Cass—Yaari
theorem in the multisector neoclassical model of Dorfman-Samuelson-Solow (1958).

The model has been specified in detail in Mitra (1976). The reader is asked to refer to
that paper for the assumptions used (which amount to the assumption of a smooth
neoclassical technology, with a differentiable frontier in the interior of R3™ "), definitions
of concepts, and statements and proofs of results. For ease of exposition we recall just a
few facts from Mitra (1976). Associated with any interior programme (%, 7, i) is a current
price sequence (g;), and a discounted price sequence (p;). These price sequences are
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644 REVIEW OF ECONOMIC STUDIES

defined ‘“‘technologically” by the marginal rates of transformation between the m-th
output and the remaining m — 1 outputs, and between the m inputs and the m-th output.
By our assumptions on the technology, these prices are strictly positive for all ¢ =0.
Furthermore, if (%, y, ¢) is competitive then (X,, 7,.1) maximizes intertemporal profit at the
price sequence (7,) at each date; that is,

Pev1Ver1 — DX Z Py —Px fort=0 (1)

for every input-output pair (x, y) in the technology set. Thus (p;) can also be called a
sequence of competitive or intertemporal profit maximising prices.

Some additional concepts used in this paper are defined below. An interior pro-
gramme (%, y, ¢) is weakly value maximal if

lim infr.c %=1 fi(c.—&) =0 (2)
for every feasible programme (x, y, ¢). It is weakly value optimal if
im Suprow Y11 pilc,— &) =0 3)

for every feasible programme (x, y, ¢). It is regular interior if
inf,=; ¢;>0 fori=1,...,m. 4)
It has a bounded discounted price sequence if
sup,=; pi<oo fori=1,...,m. 5)

The generalized version of the Cass—Yaari result is given by

Theorem 1. Under (A.1)-(A.4), an interior program (%, y, ) is efficient if and only if
it is weakly value maximal.

The proof (see Section 2) is quite different from that used by Cass and Yaari (1971). In
fact, it is difficult to see how their method of proof can be generalized, as the problem of
feasibility is much more intricate in the multisectoral case. We use the methods employed
in Mitra (1976) to establish a complete characterization of efficiency in such a model. This
has the advantage of revealing the close formal relationship between the problem of
obtaining a complete characterization of efficiency, and the problem of proving a weak
value maximality property of efficient programmes.

It is worth mentioning that Theorem 1 is restrictive in two respects. First, we restrict
ourselves to the case of a stationary technology. This is because, in our proof, we need to
use the fact that the inputs are all uniformly bounded above. This is not ensured when
there is sufficient technical progress. Second, we restrict the characterization only to
interior programs. This is to avoid cases where the derivatives of the production locus
become unbounded at zero. These are essential aspects of the method of proof that is
followed. Whether one can devise an alternative method that can relax these two
restrictions remains an open question.

It is known that an efficient programmeé need not be weakly value optimal. That is, it
need not “‘catch up” in terms of the value of its consumption to every feasible programme.
This was shown by an example in Cass—-Yaari ((1971), p. 335). It would be interesting to
separate the class of efficient programmes which are weakly value optimal from those
which are not.

In order to look for the proper criterion, an appropriate starting point is the
Cass-Yaari example. This involved the phenomenon that the competitive prices asso-
ciated with the constructed efficient programme became unbounded over time. A uniform
bound on the competitive prices, therefore, seems to be a promising candidate for the
criterion we are trying to find. In fact, in a one-good model it is demonstrated by Peleg
(1972) that an efficient programme is weakly value optimal if and only if it has bounded
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MITRA WEAK VALUE OPTIMALITY 645

competitive prices. Thus, the second purpose of this paper is to obtain a generalized
version of Peleg’s result.

It is simple to show, in view of the related results in optimal growth theory (see
McKenzie (1974)), that if an efficient programme has bounded competitive prices, then it
is weakly value optimal. It turns out that the converse is also true if we restrict our
attention to regular interior efficient programmes. So, Peleg’s result generalizes to

Theorem 2. Under (A.1)-(A.4), a regular interior efficient program (%, y, ¢) is weakly
value optimal if and only if it has a bounded discounted price sequence.
(For a proof of Theorem 2, see Section 2).

2. PROOFS

Before coming to the proofs, we introduce some notation, and some facts from Mitra
(1976) which will ease the writing. In the following facts (i) and (ii) can be found in Mitra
((1976), pp. 424-425), those in (iii) and (iv) in Mitra ((1976), pp. 426-427).

(i) Denote the sum vector (1,...,1) in R™ by u. For an interior competitive
programme (X, y, c) [wrth %, = ku for t =0, k> 0], we denote f,~ by r, 7" by R, for t = 0.
We know that 7, = #; =R, fori=1,...,m—1and =0, andso p, = (§,/R, )for t=0. For
any feasible programme (x, y, ¢), x, = Ku, yi+1=Ku for t =0, where K is glven by (A.4).
By (A.1)-(A.3), there are positive real numbers a =1, @ <0, such that for sku=x=Ku,
tku=y=Ku, a=(-f,y)=a for i=1,...,m—1, and a<fx =g for i=1,...,m. In
particular, this means that a =r, =4, au =g, = au for t=0. We denote makK by A.

(if) For (x,y) in the technology set, we denote (P;+1:+1—pPi%:) — (Pr+1y —P:X) by
wi(x, y). By (1), wi(x, y)=0 for t=0. If (x,y,c) is a feasible programme, we denote
q:(X;—x;) by 6;, and p,(x. —x;) by b,. Then, for t=1, p,(c;—¢:) = pi(y.— J:) — Pe(x: — %) =
Pe(Xe—x) = P—1(Xe—1 — x4—1) — We—1(x,—1, y:). Thus,

ﬁt(ct —C)=b—b_1— We—1(Xe—1, y:)- (6)
Using (6) and bo =0, we have for T=1,
Z:r=1 Pt(Ct _C_'z) =br _ZtT=1 We—1(Xe—1, Yt)- (7)

(iii) There is a positive real number u, such that if (x, y, ¢) is a feasible programme,
with x, = 3ku for t=0, then w,(x;, yr+1) = b7 2/R,41 for t=0.

Gv) If (x", y',c)is a feasrble programme, then by taking a (3,3) convex combination
of the programmes (x',y',¢') and (%,7,¢), we have a feasible programme (x,y, c)
with x, =3%, = %ku for =0, and

2t=1 P:(C:-Et)é%ztll ﬁt(C;_Et) forT=1. (8)

Proof of Theorem 1. (Sufficiency) Suppose an interior programme (%, y, ¢) is weakly
value maximal, but inefficient. Then there is a feasible program (x, y, ¢) such that ¢, = ¢, for
t=1,and ¢, > ¢, for some ¢. Since j, » 0 for t =0, (2) is violated. This contradiction proves
sufficiency.

(Necessity) Suppose an interior programme (%, ¥, ¢) is efficient, (hence competitive),
but not weakly value maximal. By (2) and (1v), there is a feasible programme (x, y, ¢), a
real number z >0, and T * =1, such that x, =ku for t =0, and

Y ple—é)=zz for T=T* 9)

By (7) and (9), br=z for T=T%*; so 0r>0, and O0r = grir = (au)(Ku)=makK =
A, for T=T*. By (7), (9) and (iii),

br=z+Y 1 wie1(Xi1, y) Z 2 + X7+ (407 /Riv1) (10)
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646 REVIEW OF ECONOMIC STUDIES

for T = T*+ 1. Denoting the extreme right- hand expression in (10) by dr, we note that
for T=T*+ 1,0<dr=br, and dri1=dr+ (MGT/RT+1) dr+ (;LR TbT/RT+1) So, for
T=T*+1,

drs1Zdr+(RTdT/Rr+1). (11)

Denoting min (1, u) by i, and Rr.1 dr+1 by ers1 for T = T*, and using (11), we have a
sequence (e,) satisfying (I) 0<e, = A and (II) e,+; Z e,(r, + ¢,) for t = T*+ 1. Then, follow-
ing the method of Cass [1972, p. 219], it follows that the terms of trade of the m-th good

- =) s e

a contradiction. This estabhshes necess1ty

Proof of Theorem 2. (Sufficiency) Suppose (%, y, ¢) is an interior efficient (hence
competitive) programme for which (5) holds, but which is not weakly value optimal. By
(5), there is 0 < V <0, such that p,= Vu for t=0. By (3) and (iv), there is a feasible
programme (x, y, ¢), a real number z >0, and a subsequence of periods, T, such that

Yiiple—e)zz forT=T, (12)

and x, =3ku for t=0. By (7) and (12), br =z for T=T,. So, 8 =Rrbr=(z/V), and
(61/Rr+1) = (Rrbr/Rr+1) = (b1/rr) Z(z/ @), for T =T,. By (7), (8) and (iii), we obtain

brzz+Y /21 wer(xe—1, A+ +30 (M0:2/Rz+1) (13)
6%/R,.1=(z*/Va) for t =T, and 67 =0, for t # T, so
brzz+(s—Du(z*/Va) forT=T. (14)

Now, br=(07/Rr)=VOr=Vgrir=VA for T=0. Using this in (14), we have a
contradiction for large s, proving sufficiency.

(Necessity) Suppose a regular interior programme (%, y, ¢) is efficient and weakly
value optimal, but violates (5). Now, since j; =g,/ R, for t =0, so pu =[(au)u/R,], using
(i). So, there is a subsequence #, such that R, » 0 as s > c0.

Followmg the procedure in Mltra ((1976) p- 428) we can find a scalar >0, and an
output P _2k such that f(* y,+1, *Z, X —0) = y,+1 Let d = mm [1nf,>1 ¢ and 6=
min [(d/2a), 1. Then, there is yfi1, such that yriy =f(*y,1; *%, X1 —6), and y/i1 =
(¥ — 3d) Z (%731 +3d).

Rename the sequence ¢, as T. Then, find a subsequence T, such that (6/Rr,, )=
(2d/RT +1), and T,,+1=T +2. This is pos51ble as Rr—>0 as T—>oo Now construct a
programme (x',y’, ¢’) in the following way: x; =%, for t# T,; x; =% —6 for t="T,;
Vier = Yeer for ¢ #Tn; yie1 = (*Fiar, yii1) for t=T,; ci=¢ for t#T,, T,+1; ci=
(*¢,é7'+0) for t=T,; c; =(*¢, yi — %) for t=T,+1. It can be checked that, by
construction, such a programme is feasible. By choice of the subsequence T, we also have

eﬁ% é):szl pilct —¢). (15)

It follows from (15) that (X, y,c) is not weakly value optimal. This contradiction
establishes necessity. ||

First version received March 1977, final version accepted October 1980 (Eds.).

*Thanks are due to Profs. Lionel McKenzie and James Friedman for helpful comments on an earlier version.
The present version has gained from the suggestions of a referee and the editor.
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